Theory on excitations of drift Alfv en waves by energetic particles.
I. Variational formulation I. INTRODUCTION
Collective excitations of shear Alfv en wave (SAW) instabilities by energetic/fast particles (EPs) and the ensuing nonlinear consequences on EP confinement as well as, on longer time scales, the confinement and stability of thermal background plasmas are crucial issues for both present-day magnetic fusion energy (MFE) devices and future burningplasma experiments.
1,2 When excited by EPs, fluctuations of the SAW spectrum exist as either Alfv en Eigenmodes (AEs), 3 inside the frequency gaps of the SAW continuous spectrum due to geometry effects and finite plasma compressibility; or as energetic particle modes (EPMs), 4 stemming as discrete fluctuations at the frequency that maximizes wave-EP power exchange above the threshold condition set by EP drive exceeding continuum damping. [5] [6] [7] Consistent with theoretical predictions, [8] [9] [10] AEs may be excited in the plasma core by both EPs as well as thermal ions with a wide range of mode numbers, as clearly demonstrated by experimental observations in DIII-D. 11 The suprathermal plasma component generally drives fluctuations at longer wavelengths than those typical of drift Alfv en wave (DAW) turbulence. [12] [13] [14] [15] [16] [17] [18] [19] However, the existence of the SAW continuous spectrum causes longer scale-length fluctuations driven by EPs to excite short-wavelength modes via resonant mode conversion involving linear as well as nonlinear processes. 1, 14, 20 Thus, EPs may act as mediators of cross-scale couplings in burning plasmas, 21, 22 and a clear understanding of spatial and temporal scales involved with the interactions of DAWs and EPs is crucial. It is, furthermore, also necessary to carry out self-consistent treatment of both nonlinear wave-wave and wave-particle interactions, 1,2 including resonant EP collisional 23 and non-collisional [24] [25] [26] [27] scattering. In fact, these are the "two possible nonlinear routes" that produce the features of SAW/DAW "turbulent spectrum and assess the associated heating/acceleration and transports." 1 As shown in this work, these two routes can both be discussed, described, and understood within the theoretical framework presented here.
Since the early evidences of AEs [28] [29] [30] and EPMs 31, 32 in tokamak plasmas, a whole "zoology" of modes have been observed in the range lower than the ion cyclotron frequency, 33 with a classification following the qualitative features of experimental measurements. All these fluctuations can be actually understood and explained within the theoretical framework based on one single general fishbone-like dispersion relation (GFLDR), first introduced for the description of the fishbone mode, 34 and later on derived for different branches of SAW fluctuations, demonstrating its general validity. 5, 7, [35] [36] [37] The GFLDR derivation and its structure are analogous to the various well known forms of the MHD energy principle. [38] [39] [40] [41] [42] [43] [44] [45] Common elements are the existence of localized regions of fast radially varying fluctuations; 46 and of regular regions characterized by smoother mode structures. However, the present approach, based on the nonlinear gyrokinetic quasineutrality condition and vorticity equation, has unique and novel features, since the nonlinear gyrokinetic a) Electronic mail: fulvio.zonca@enea.it formulation covers a wide range of spatial and temporal scales and allows systematic extensions of theoretical analyses to the nonlinear regime. 2, 6, 37, 47 The GFLDR is global and, thus, can be adopted for analyses of macroscopic fluctuation stability and nonlinear dynamics. Corresponding mode structures are generally computed by numerical solution of governing gyrokinetic equations but, in particular cases, can be obtained analytically and/or assumed as trial functions, given the variational nature of the integral formulation, at least in the linear limit. Meanwhile, when applied to short wavelength modes, the GFLDR can be cast as initial value problem for the spatial and temporal evolution of wavepacket radial envelopes. 5, 47, 48 The usefulness of the GFLDR theoretical framework stands in its capability of extracting the underlying physics as well as the distinctive features of the different AE/EPM branches that have been observed experimentally or in numerical simulations. Furthermore, the GFLDR also naturally introduces the spatiotemporal scales of the process involved, thereby explaining the connection between MHD fluctuations, SAWs, and DAW turbulence. 49 Finally, it can be adopted for investigating the relative significance of individual physics processes and comparing different approaches to the same problems; e.g., the GFLDR can be computed numerically and/or analytically with various levels of approximation; thereby, helping code verification and validation.
This work is aimed at presenting a unified and selfcontained theoretical framework for analyzing physics processes involved with SAW/DAW and EP behaviors in magnetized fusion plasmas based on the GFLDR. Some of the results reported here are discussed in earlier literature, which is quoted where appropriate. The novel contribution of the present analysis is the discussion of the unified GFLDR framework and of the different linear and nonlinear physics that it may address. Furthermore, it elucidates the necessity of a kinetic approach in realistic geometries for the investigation of SAW/DAW physics in collisionless plasmas of fusion interest 2 (cf. also Ref. 50 ). When applied in the linear limit, the GFLDR describes stability properties of various branches of DAW excited by EPs, as demonstrated in the detailed analyses given in the companion paper, Ref. 50 , which cover the whole range of frequencies and variety of observations described, e.g., in Refs. 6, 7, 33, 35, 51, and 52. For nonlinear applications, as mentioned above, the GFLDR framework can address nonlinear dynamics and saturation of EP driven DAW by both wave-wave and wave-particle nonlinear interactions. 2, 53, 54 Within the first route, 1 the GFLDR has been recently adopted to discuss the spontaneous generation of zonal flows and fields by Toroidal AEs (TAE), 55 showing that the same approach may be used to discuss TAE saturation by parametric decay into an ion sound wave and a daughter TAE. 56 The GFLDR framework has also been adopted to analyze TAE saturation by parametric decay into a lower sideband TAE and a geodesic acoustic mode. 57 Within the second route, 1 the GFLDR has been used for explaining the nonlinear dynamics of fishbone oscillations 2, 36, 53, 54, 58, 59 and their nonadiabatic frequency chirping by phase-locking.
2,54,60,61 Phase-locking and self-consistent interplay of EP transports and nonlinear EPM mode structures have also been demonstrated to be the essential and crucial ingredients for explaining onset and evolution of EPM avalanches, obtained as convectively amplified selfsimilar solutions of the GFLDR cast as initial value problem for the EPM wave packets. 2, 6, 7, 47, 54, 60, 61 Detailed discussions and applications of the GFLDR framework to nonlinear DAW dynamics excited by EPs are given in Ref. 2 and are beyond the scope of the present work and its companion, Ref. 50 . Nonetheless, the construction of the general theoretical framework, presented here, allows us to describe the various relevant nonlinear processes and to elucidate their spatial and temporal scales (cf. Sec. III). Meanwhile, the companion paper, Ref. 50 , is devoted to presenting examples and applications of the GFLDR to linear studies of DAW excitations by EPs in fusion plasmas.
As prevalent Alfv enic fluctuations are in the MHD frequency range, basic equations are derived from the nonlinear gyrokinetic equation 17 and summarized in Sec. II. The general gyrokinetic variational principle that provides the basis of the GFLDR theoretical framework is derived is Sec. III, which also discusses its connection with previous formulations 62, 63 and the importance of various linear and nonlinear physics in connection with the spatial scales characterizing the fluctuation spectrum. In particular, spatial and temporal structures of the linear SAW continuum with gaps are analyzed in Sec. IV looking at both radial singular structures and at sharply localized but regular structures that are obtained when finite Larmor radius effects are accounted for. There, we also discuss Kinetic Alfv en Waves (KAWs) as granular structures of the SAW continuum, whose discreteness depends on equilibrium geometry, nonuniformity, and plasma compressibility. As noted above, the effects of nonlinear dynamics on the SAW continuous spectrum are explored in Ref. 2 . The explicit global form of the GFLDR is derived in Sec. V for both finite and vanishing magnetic shear, demonstrating, in general, the existence of SAW fluctuations excited by EPs as either AE or EPM. Meanwhile, Sec. VI shows that the GFLDR can be cast into the form of a local dispersion relation for localized radial mode structures; and that, in this case, one can derive a general evolution equation for the spatiotemporal structures of SAW wave packets, which can be further extended to handle nonlinear dynamics. 2, 6 Finally, Sec. VII is devoted to concluding remarks and discussions. Technical details and further articulation of specific concepts are given in Appendices A-C.
II. EQUATIONS FOR DRIFT ALFV EN WAVES EXCITED BY ENERGETIC PARTICLES IN LOW-b FUSION PLASMAS
It is generally possible to consider magnetized fusion plasmas consisting of two components: 34 a core or thermal plasma component, essentially providing an isotropic Maxwellian background made of electrons (e) and ions (i), and an energetic component (E), which is often anisotropic and non-Maxwellian. A detailed discussion of the general wavelength and frequency orderings for the case of DAWs resonantly excited by EPs in space-plasmas was given in Ref. 62 
Here, the notations for density (n) and temperature (T) of plasma species are standard, subscript 0 denotes equilibrium quantities and b is the ratio of kinetic P ¼ nT to magnetic B 2 0 =8p pressure, with B 0 being the equilibrium magnetic field. Adopting the standard theoretical framework of gyrokinetic plasma description 17 and following Ref. 64 , it can be shown that the pull-back transformation of the gyrocenter distribution function F of a generic plasma species to the guiding-center distribution function and then the pull-back transformation of the guiding-center to the particle distribution function f can be written as
where e ÀqÁ$ is the pull-back transformation from guidingcenter to particle coordinates, q X À1 b Â v; X ¼ eB 0 =ðmcÞ is the cyclotron frequency, hÁ Á Ái denotes gyrophase averag-
is the energy per unit mass, l is the magnetic moment adiabatic invariant l ¼ v 2 ? =ð2B 0 Þ þ …, subscripts ? and k (below) refer to b, and other symbols are standard. Meanwhile, we have adopted the notation
Note, in Eq. (2), terms that are not acted upon by e ÀqÁ$ correspond to the adiabatic response of the particle distribution function.
The relevant time scale s for investigating DAW dynamics excited by EPs is
with x 0 and c L denoting, respectively, DAW frequency and linear growth rate. Note that this is equivalent to describing the gyrocenter Hamiltonian up to $ d formally linear terms, 64 with d $ x ( 1 the ordering parameter for fluctuation intensity. Because of this time scale ordering, the parallel (to b) mode structure, which forms on a jx 0 j À1 characteristic time, is weakly modified by the nonlinear interaction, which then determines the evolution of complex amplitudes and/or radial mode structures (cf. Sec. VI for further discussions). 2, 6 Thus, observations of the EP driven DAW spectrum are expected to be largely described by linear physics, as noted experimentally, e.g., in Ref. 65 ; while nonlinear dynamics can be understood as coupling of relevant degrees of freedom on a time scale s $ c À1 L . Up to order Oð d Þ, one can further reduce Eq. (2) to the following decomposition for the fluctuating particle distribution function 17 df
where the relationship between the fluctuating gyrocenter distribution function d F and the non-adiabatic response dg introduced in Ref. 17 , is given as follows:
The non-adiabatic response dg is obtained from the solution of the Frieman-Chen nonlinear gyrokinetic equation
Here, the magnetic drift velocity v d is
where j ¼ b Á $b is the magnetic field curvature and $B 0 ' jB 0 in the low-b limit, consistent with well-known cancellations in the linear vorticity equation, arising from the perpendicular pressure balance
and plasma equilibrium condition. 66 In the long wavelength limit, 67, 68 Eq. (6) has to be slightly modified to account for the perturbed gyrocenter motion at Oð d Þ being given by
with being hdB ?g i ¼ $ Â bhdA kg i. This distinction in the long wavelength limit is important for the linear response only, 67, 68 since the nonlinear E Â B convection and nonlinear line bending are small at The nonlinear equations for the time evolution of ðd/; dA k Þ and, therefore, for DAW in low-b fusion plasmas are the quasineutrality condition and vorticity equation. 2, 69 Given Eq. (4), the quasineutrality condition can be written as
Meanwhile, the following nonlinear gyrokinetic vorticity equation 69 can be derived from Eq. (6) and the derivation is briefly summarized in Appendix A
, nonlinear plasma behaviors enter explicitly through the perpendicular Maxwell stress (nonlinear line bending), and the next to last term on the left hand side, which can be shown to be connected with nonlinear diamagnetic response and gyrokinetic generalization of the Reynolds stress (cf. Eq. (A11) in Appendix A). Due to Eq. (1) and the formal structure of this term, which is maximized at short wavelengths where EP dynamics is reduced by finite orbit size averaging effects, it is typically due to thermal ion nonlinearity. Implicit nonlinear physics contributions, meanwhile, enter via dg's in the pressure curvature coupling term; i.e., the last term of the second line in Eq. (11) . This is where EP's nonlinear contributions predominantly enter. That is; through this term DAW dynamics may be affected by resonant EP scattering effects, which may be due to collisional 23 and non-collisional 24-27 processes; and are described by corresponding scattering operators in the nonlinear gyrokinetic equation, Eq. (6), 17 for the selfconsistent evolution of the modified EP equilibrium distribution function, d F 0EP , defined by Eq. (5). In particular, it is worthwhile mentioning collision induced scattering, introduced in Ref. 23 ; and micro-turbulence induced diffusion, which has been demonstrated to be more relevant than collisional diffusion in typical ITER conditions. 26, 27 Radiofrequency wave induced scattering 24 has also been shown to dominate over collisional scattering in conditions of practical interest in present day experiments. 25 For increasing EP drive, when nonlinear EP displacement becomes a significant fraction of the perpendicular fluctuation wavelength, the same pressure curvature coupling term with dg is responsible for the onset of non-adiabatic dynamics of phase space zonal structures, 2,54,60,61 d F 0EP , due to the self-consistent interplay of mode structures and EP transports 47 (cf. further discussions in Sec. VI). This demonstrates the crucial role played by toroidal geometry for both linear and nonlinear behaviors of EP driven DAW in fusion plasmas. 2, 5, 6, 21, 22 Note that Eq. (11) is pertinent to the short wavelength regime ( 2 ? > x ), consistent with the gyrokinetic ordering. 17, 64 In the 2 ? Շ x long-wavelength limit, it is necessary to include an additional term, due to the nonlinear polarization response (cf. Eq. (A13) in Appendix A). The presence of J 0 and of velocity space integrals involving dg in Eq. (11) 
with dw defined by
for given dA k with k k 6 ¼ 0; and where P 6 ¼e denotes summation on particle species except for core electrons and equilibrium charge neutrality has been used explicitly. Note that Eq. (12) is just the extended Ohm's law
having assumed isothermal electron response. Furthermore, the ordering of Eq. (1) allows ignoring the contribution of EPs to the plasma density, 73 while the wavelength ordering jk h q E j Շ 1 indicates that ? ( 1 for the core plasma component. Thus, the quasineutrality condition, Eq. (10) or Eq. (12) , at the lowest order reduces to the ideal MHD approxi-
The gyrokinetic vorticity equation, Eq. (11), is also greatly simplified with these auxiliary orderings and becomes
Here, we have used the definition P 0? ¼ hmlB 0 F 0 i v and have adopted the long wavelength limit for both thermal and energetic ions. In this way, note that energetic ions, 74 even though they do not contribute to plasma inertia due to Eq. (1), contribute to both finite Larmor radius correction to the plasma inertia [the second term of the first line in Eq. (15), responsible for KAW] 75 as well as to the linear diamagnetic response (the first term of the second line), 76, 77 for these terms depend explicitly on perpendicular pressure. Other linear terms in Eq. (15) are line bending (the first term of the first line) and kink drive (the last term of the second line). Furthermore, consistent with the discussions following Eq. (11), nonlinear physics contributions enter Eq. (15) both explicitly and implicitly via dg. Note that we have omitted the long wavelength formal expansion of the pressure gradient curvature coupling term for simplicity of notation and clarity of physics presentation. Again, Eq. (15) contains the following explicit nonlinear terms: nonlinear line bending (the Maxwell stress), mainly due to thermal electrons; and the long wavelength extension of Reynolds stress as well as nonlinear diamagnetic response due to thermal ions. Note that these two thermal-ion nonlinearities, unlike in the fluid descriptions, cannot be generally separated within a kinetic approach. This point is discussed more in detail in Appendix A.
In the case of highly energetic ions, the supra-thermal particle density is usually very low and b E < b i ; thus, their contribution to KAW and diamagnetic terms can be formally neglected in Eq. (15), which further reduces to
" #
Here, it is worthwhile noting that b E < b i is expected in reactor relevant plasma conditions, where b E $ (s sd /s E )b i and the energetic ion (collisional) slowing down time on thermal electrons, s sd , is short compared to the thermal energy confinement time s E . In the drift kinetic limit (vanishing Larmor radius), assuming J 0 ¼ 1 in the pressure gradient curvature coupling term, Eq. (16) correctly describes both small and large magnetic drift orbit limit for supra-thermal ions, reproducing their nearly adiabatic response to short wavelength modes. 5 Since magnetic drift orbits of highly supra-thermal particles are typically much larger than their Larmor radius, considering the drift-kinetic limit and the possibility of large magnetic drift orbit energetic ions can be done in a physically consistent fashion and adequately renders both resonant as well as non-resonant supra-thermal particle dynamics. 5 This is crucial for the validity of many of the hybrid MHD-gyrokinetic descriptions of SAW excitations by EPs, 75, [78] [79] [80] [81] [82] which have provided the first successful numerical simulation approach to this problem.
In the linear limit, Eq. (16) 
III. DERIVATION OF THE VARIATIONAL FORM
We assume that the equilibrium B 0 can be expressed in the usual form
where u is the physical toroidal angle, identifying the symmetry of the system at equilibrium under arbitrary rotations about the torus axis, and w is the magnetic flux function, connected with the poloidal magnetic flux. Moreover, we use a straight magnetic field line toroidal coordinate system (r, h, f), where r is a radial-like coordinate depending only on the magnetic flux function w, 84 while h and f are periodic angle-like variables, the latter being the ignorable (symmetry) coordinate of the plasma equilibrium. More precisely, f is the general toroidal angle defined by
and h is chosen such that the Jacobian J ¼ ð$w Â $h Á $fÞ
À1
satisfies the condition of J B 2 0 being a flux function; i.e., we assume Boozer coordinates 85, 86 (cf. Appendix B for details). The derivation of the GFLDR is based on the construction of a nonlinear functional form from Eqs. (10) and (11). 62 The final result, as discussed in Appendix C and Ref. 50 , can be put in close connection with various forms of the MHD energy principle, [38] [39] [40] [41] [42] [43] [44] [45] due to the fact that, in the long wavelength limit, Eqs. (10) and (11) can be cast as Eqs. (12)- (16); i.e., they recover reduced MHD as well-known limiting case of nonlinear gyrokinetic equations 87, 88 and their linearized form reduces to the kinetic MHD equations discussed in Refs. 67, 68, and 83. In the present case, however, no assumptions are made concerning the linearization of the plasma response; so that the GFLDR can be the starting point for systematic extensions to the nonlinear regime. 2, 6, 47, 58 The construction of the GFLDR assumes that fluctuations are characterized by two radial scales (cf. Appendix B), as obvious consequence of the radial singular structures typical of the SAW continuous spectrum in nonuniform plasmas. Recalling that the thermal ion Larmor radius is the intrinsic scale on which fine structures in the SAW continuum are introduced, 14, 89 it can be concluded that the radial scalelength for properly describing the continuous spectrum is k ? q i $ ? ( 1. 90 In fact, given the ordering of plasma parameters introduced in Sec. II and that most unstable energetic particle driven modes are characterized by jk h q E j Շ 1, 4, [70] [71] [72] where q E is the characteristic supra-thermal particle magnetic drift orbit width, this is the radial scale that yields k ? ) jk h j and still remains longer than q i . 14, 89, 90 This Ansatz allows us to estimate that the influence of formally (explicitly, cf. Sec. II) nonlinear terms is expected to be generally small, except for the radial singular structures near the SAW continuum. In fact, the AE nonlinear frequency shift can be of the order of the AE frequency distance from the SAW continuum accumulation point and, thus, it must be properly taken into account. 2 Meanwhile, EP effects on the SAW continuum structures are typically small (k ? q E ) 1), although it is possible to keep them into account in the case of long wavelength modes, as discussed in Ref. 50 (cf. also Sec. V). In this way, Eq. (12) yields d/ ' dw [cf. Eq. (13) for the relationship between dw and dA k ], with a significant deviation of dw from d/ due to either finite Larmor radius or nonlinear effects only sufficiently close to the wave resonance with the SAW continuum. These properties are used in the following to manipulate and further reduce the nonlinear functional that can be constructed from Eq. (16) in the form
where @ À1 t is the formal notation for the inverse of @ t , dw † is the adjoint of dw, with the definition adopted in Ref. 91 , the integral is extended over the plasma volume, and LHS stands for left hand side. This functional form is variational, when the LHS of Eq. (16) is linearized, due to the symmetry properties of the operators involved. 62 When nonlinear terms are included, however, it is generally not variational, although dLðd/; dwÞ ¼ 0 by definition, when the functional is computed for the actual solution of Eqs. (12) and (16) .
Because of the existence of the SAW continuous spectrum, the volume integral of Eq. (19) can be divided into radial regions where the fluctuating fields have smooth regular behaviors and the k ? spectrum is weakly anisotropic, from regions where fluctuations are characterized by strongly anisotropic sharp varying radial structures with k ? ' k r . These are, e.g., the sharp varying structures of MHD modes in the inertial layer and of Alfv enic fluctuations at the resonant excitation of the SAW continuous spectrum or near the continuum accumulation points, where the SAW continuous spectrum frequency has an extremum, (d/dr)x A (r) ¼ 0, and AEs are preferentially excited in order to nullify or minimize continuum damping. 2, 7 Due to the fact that dw ¼ d/ in the regular regions, it is reasonable to refer to them as ideal MHD regions as well, as opposed to the singular (inertial/kinetic) layers, where accounting for the difference between d/ and dw may become important.
The usefulness of the well-known "ballooning representation" [92] [93] [94] [95] [96] [97] [98] [99] [100] to handle the sharp varying structures of singular layers was suggested in Ref. 101 for applications to resistive MHD modes, and in Ref. 102 for the derivation of the MHD energy principle for localized perturbations. More recently, it was shown that a more general mode structure decomposition (MSD) approach 48 may be used (see Appendix B), which can be adopted for descriptions of dynamic evolutions of global mode structures and reduces to the well known ballooning representation for short wavelength modes. 103 Here, a generic fluctuating field f(r, h, f) (time dependence is suppressed here to simplify notation) reads Equation (20) introduces and defines the projection operator P Bn ðr; #Þ : f ðr; h; fÞ 7 !f n ðr; #Þ and its properties (cf. App B) allow to interpret # as an extended poloidal angle. In fact, multiplication by a periodic function p(h) in (r, h) space corresponds to multiplication by a periodic function p(#) in (r, #) space and, in Clebsch coordinates (r, h, n), [104] [105] [106] [107] [108] with n f -qh,
q 0 denoting the radial derivative of q(r), defined by Eq. (18), with respect to r.
Using Eq. (20) , the contribution from regular regions to the integral in Eq. (19) , dW, is readily separated from that due to singular layers, -dI, yielding (cf. Appendix C)
with the following definitions, derived in Eqs. (C6) and (C7)
In the expression of dW, Eq. (23) (23), are negligible in the low-frequency MHD limit but, more generally, they provide a finite contribution. 3, 4, 72, [110] [111] [112] As in ideal MHD, most important destabilization effects come form the last two terms, the "ballooning-interchange" and the "kink" drive, respectively. [113] [114] [115] Note that the expression of dW is still nonlinear due to the implicit nonlinear response included in the "ballooning-interchange" contribution, which also maintains EP finite ion Larmor radius effects and accounts for collisional and fluctuation induced scatterings of resonant EPs (cf. Sec. II).
The expression of dI, meanwhile, adopts the definition
with k # -nq/r and $ ? given by Eq. (21), and contains the jump across # ¼ 0 of the quantity in square parentheses, which is obtained from the solution of Eq. (16) for j#j ) 1. In other words, Eq. (24) contains the information on the sharp varying structures of SAW fluctuations at radial positions where the continuous spectrum is resonantly excited. These include finite thermal ion Larmor radius effects and explicit nonlinear contributions due to both thermal electrons and ions; as noted following Eqs. (11) and (15 
IV. SHEAR ALFV EN CONTINUOUS SPECTRUM AND FREQUENCY GAPS
The sharply varying radial structures of the linear SAW continuous spectrum are very effectively represented using Eq. (20) and looking at the j#j ) 1 limit of Eq. (16) (cf. Sec. III and Appendix B), while neglecting formally nonlinear terms due to core plasma dynamics. 116 Considering Eqs. (21) and (25) , and maintaining the leading order terms in j
Here, we have introduced the notation dÛ n ĵ ? d/ n , by analogy with Eq. (25) and defined x *pi as the thermal ion diamagnetic frequency
with k ? ¼ Ài$ ? . Small thermal ion Larmor radius effects have been explicitly assumed except in the "ballooninginterchange" term, where they account for finite EP Larmor radius. Note also that the diamagnetic response is kept here in order to address KAW physics in the low-frequency limit (x $ x *pi ). 
with L ¼ 2pL 0 the connection length (L 0 ' qR 0 in a circular plasma with small minor to major radius ratio, a/R 0 ( 1) and v A being a "typical" value of the Alfv en speed on the reference magnetic surface. Equation (30) draws analogies between SAWs in toroidal systems, characterized by gaps in their continuous spectrum, and electron wave packets traveling in a one-dimensional periodic lattice of period L (cf., e.g., Ref. 118).
In the study of SAW propagation in tokamak plasmas, the existence of gaps in the continuous spectrum was discussed in Refs. 119-121. In this case, the dominant frequency gap occurs at v A =ð2qR 0 Þ ð' ¼ 1Þ and is due to the finite curvature of the system. 121 Other gaps also generally exist at x ¼ ' v A =ð2qR 0 Þ, due to either non-circularity of the magnetic flux surfaces (' ¼ 2, 3,…), 122 to anisotropic trapped EP population (' ¼ 1, 2, 3,…) 123 or to finite-b (mainly ' ¼ 2). 124, 125 A low-frequency gap, corresponding to ' ¼ 0, also exists because of finite plasma compressibility 126-128 at
In order to nullify or minimize continuum damping, discrete AEs must be localized in the SAW continuum frequency gaps and/or around radial positions where (d/dr)x A (r) ¼ 0 (cf. Sec. III). 2, 7 The degeneracy of AE mode frequency with the continuous spectrum is removed by equilibrium non-uniformities, which make it possible for these fluctuations to exist as discrete modes. Continuing further the analogy with the one-dimensional periodic lattice case, discrete AE can be localized in the continuum frequency gaps because of MHD and/or kinetic effects due to both thermal plasma and/or EPs, which play the role of "defects." 6, 7 Discrete AEs existing in the various frequency gaps have, accordingly, been given different names. The first example is the Toroidal AE (TAE) 3 for x ' v A /(2qR 0 ). This is a particularly important case, for it was the first demonstration of the existence of AEs in toroidal plasmas, thereby fixing a paradigm for subsequent AE investigations. Other examples are the Ellipticity induced AE (EAE) 122, 129 
,131 deserves a special note since, in this case, the mode frequency can be comparable with thermal (core) ion diamagnetic (x *pi ) and/or transit (x ti ) frequencies; i.e., jxj $ x Ãpi $ x ti . We could generally refer to this frequency gap as the Kinetic Thermal Ion (KTI) gap. 7 In fact, the ideal MHD accumulation point, x ¼ 0 at k k ¼ 0 from Eq. (30), is shifted by either the ion diamagnetic drift, as in the Kinetic Ballooning Mode (KBM) case, 132 or by parallel and perpendicular ion compressibility, as for the Beta induced AE (BAE), 30, 128 or, more generally, by the combined effects of finite ion temperature gradient ($T i ) and wave-particle resonances with thermal (core) ions, as for the Alfv en Ion Temperature Gradient driven mode (AITG). 10 For the AITG, the SAW continuum accumulation point could be shifted to the complex x plane 8, 130, 131 and, thus, become unstable for modes with sufficiently short wavelength (k ? տ q i ). The mode localization condition inside the frequency gap then leads to the excitation of unstable discrete AITG even in the absence of EP drive. [8] [9] [10] [11] In this case, they are sometimes referred to as beta-induced temperature gradient eigenmodes. 133, 134 The predominance of either ion diamagnetic drift (KBM) or parallel and perpendicular ion compressibility (BAE) in the KTI frequency gap depends on both wave number and plasma equilibrium nonuniformity: AITG are typically excited when both effects are of the same order. 8, 10 Thus, two bands of low-frequency Alfv enic activities are generally expected, with varying frequency-dependent geodesic curvature coupling to the ion-acoustic wave, [135] [136] [137] [138] of which-in the long wavelength limit-the lower one refers to the ion diamagnetic frequency, consistent with some recent numerical simulation results and experimental observations. 77, 139 Another low-frequency fluctuation branch also exists, characterized by strong coupling of the SAW to the ion-acoustic wave and dubbed Beta induced Alfv en Acoustic Eigenmode (BAAE), [140] [141] [142] which, however, is affected by strong ion Landau damping, unless T e /T i ) 1. 137, 138 In # space, physical boundary conditions for Floquet solutions of Eq. (26) are obtained by imposing outgoing waves. This is due to the fact that j#j ! 1 corresponds to vanishing wavelengths, where it is possible to assume that no energy sources are present. Thus, given the typical time scale ordering of SAWs in burning plasma of fusion interest; i.e., x ¼ x 0 þ i@ t with x 0 the typical (linear) mode frequency (cf. Sec. II), physical boundary conditions are obtained for 143 ! sgnð#Þ sgnðx 0 ÞjRej þ ijImj ð Þ :
For 0 jRej 1=2, we have the Floquet first stable region; i.e., the SAW continuous spectrum at frequencies lower than those of the TAE frequency gap. For 1=2 jRej 1, the Floquet second stable region then corresponds to the continuum between TAE and EAE frequency gaps. The rest continues on following the nomenclature described after Eq. (30) .
The general solution of Eq. (26) in the form of Eq. (28) can also be adopted as boundary condition for numerical solutions, once the values of and P 0 ð#Þ=Pð#Þ are given. In fact, this general solution is easily obtained, since it is readily shown that, identifying as y 1 (#) the Floquet solution of Eq. (26) 
Equations (29)- (32) further demonstrate that the solutions of the SAW continuum are traveling waves, which are absorbed at # ! 1 and, in real space, at the singular absorption layer of the SAW resonance. [144] [145] [146] Meanwhile, frequency gap solutions, corresponding to AEs, are standing waves which decay as # ! 1.
Once the general solution of Eq. (26) is given, either numerically or analytically, it is possible to compute the singular layer(s) contribution to Eq. (22) . Using the properties of the general solution dŴ n , given in Eq. (28), and of the Poisson summation formula, Eq. (B4), the P '2Z and the integral in dr in Eq. (24) pick up singular layer contributions located at nq ¼ ' þ Re. 143 This shows that, near the SAW resonance, the dominant poloidal harmonic is obtained for k kn L 0 ' nq À m ' Re, with L 0 the connection length introduced in Eq. (30) . Equation (24) can, thus, be cast as
with the summation on all singular layer contributions located at
dŴ n ð#Þ, and
which can be obtained from the solution of Eq. (26) . Due to the structure of Eq. (26), it is readily recognized that the SAW continuous spectrum near the singular layer at r 0 , accounting for kinetic and geometry effects in the low-frequency limit (jK 2 n j ( 1), 50 is given by 8,9,137
where the second equality is specialized to high aspect-ratio circular tokamak equilibria. For the low-frequency MHD limit, where
A , this equation gives back the well know SAW dispersion relation
When finite thermal ion Larmor radius effects are considered in Eq. (26), it is readily recognized that SAW continuous spectrum is replaced by a sequence of closely spaced discrete modes that we may formally write as 14 ,89
where
Here, d i and d e indicate, respectively, ion and electron Landau damping contributions, whereas the term proportional to g is due to finite plasma resistivity. Equation (37) is the WKB local dispersion relation of KAWs and an extension of Eq. (36) . Furthermore, the discretization of k
2
? spectrum depends on equilibrium geometry, nonuniformity, and core plasma compressibility (cf. Ref. 50 for a detailed discussion of this point).
The physics implication of Eq. (37) is that, when the ideal MHD model breaks down at very short scales, the typically most relevant new dynamics are associated with charge separation; i.e., with the finite parallel electric field fluctuations (dE k ) due to, e.g., finite ion Larmor radius (q i ), small but finite electron inertia, and finite plasma resistivity. In the presence of finite dE k , additional effects due to wave-particle interactions also appear, which yield collisionless wave dissipation (Landau damping). Incorporating such "kinetic" effects essentially allows finite energy propagation across the resonant surfaces with the SAW continuum. Thus, wave energy will no longer "pile up" at these radial locations and, as a consequence, all wave-function singularities are removed on short scales. Another important implication of Eq. (37) is that the fine structures of the SAW continuum, discretized as KAW, are characterized by small frequency separation, jDx=xj / k 2 ? q 2 i ( 1. Therefore, we may conclude that the discretization of the SAW continuum becomes evident when the plasma response is "probed" on sufficiently short spatial scales and sufficiently long temporal scales; otherwise it behaves as a true continuum, 147, 148 with obvious consequences on observations of the corresponding fluctuation spectrum. It is worthwhile noting that this feature is not a peculiarity of the SAW continuum, but it corresponds to the general behavior of a continuous spectrum discretized by small kinetic and/or dissipative effects; e.g., the geodesic acoustic mode (GAM) 149 continuous spectrum. 150 
V. THE GENERAL FISHBONE-LIKE DISPERSION RELATION
When looking at modes with tearing parity (odd structure of dŴ n in # space), introducing the normalization condition first used for the investigation of fishbone stability, 34 dW of Eq. (22) 
where Ddn nr is the jump of the MHD radial displacement across the singular layer at r ¼ r 0 , which is related with dŴ n0 þ as 36, 101, 151, 152 Ddn nr ¼ 2pi
and the magnetic shear is defined as
Obviously, the same (arbitrary) normalization, used in Eq. (39), can be equivalently used for both tearing as well as twisting parity modes (even structure of dŴ n in # space). When more than one singular layer and/or toroidal mode number is accounted for, the normalization of Eq. (39) is assumed to be made with respect to a reference Ddn nr . The global form of GFLDR is derived from Eq. (22), combining Eqs. (33) and (39) ijsjK n ¼ dŴ nf þ dŴ nk :
Here, we have distinguished between "fluid" (dŴ nf ) and "kinetic" (dŴ nk ) contributions to the potential energy dŴ n , following the notation introduced by Chen et al. 34 The expression of dŴ nf is obtained from Eq. (39) using the "fluid" limit for the gyrokinetic particle response dg in Eq. (23), while dŴ nk accounts for the remaining "kinetic" particle response, which vanishes by definition in the fluid limit 34 (cf. Ref. 50 ). In the low-frequency limit, dŴ nf is independent of frequency and reduces to the well-known MHD limiting forms, due to the arguments presented in Sec. III and Appendix C. Meanwhile, dŴ nk ðxÞ is always a function of the mode frequency x, as it reflects resonant as well as nonresonant wave-particle interactions. The generalized inertia term K n (x), on the other hand, accounts for kinetic thermal ion response and can be extended to include EP effects for long wavelength modes (cf. Sec. II). Furthermore, for shorter wavelength modes, finite thermal ion Larmor radius effects can be accounted for in the same way.
Noting that K n and dŴ n can account for both linear and nonlinear physics, in the nonlinear case Eq. (42) must be regarded as system of nonlinear equations involving mode-mode couplings. 2, 6 In the case of K n , it can be modified to include stress tensor, Maxwell stress and polarization nonlinearity, by including the corresponding terms from Eq. (16) into a suitably modified form of Eq. (26) . 2 The important feature of Eq. (42) is that, in all these cases, the expression of K n is obtained by Eq. (34), once the appropriate form of Eq. (26) is constructed from Eq. (15) 
In general, D L is the diagonal linear dispersion matrix, independent of A, while D NL [A] is generally a nondiagonal functional that describes both wave-wave and wave-EP nonlinear interactions; and involves integro-differential operators. 2, 6, 7, 54 As discussed in Secs. II and III, nonlinear wave-wave interactions and spectral transfers are accounted for by K NL , since they are enhanced by the radial singular structures of the SAW continuous spectrum. Meanwhile, EP negligibly contribute to plasma kinetic energy, as their density is much smaller than that of the background plasma and their characteristic orbit width is typically larger than the inertial layer. Therefore, nonlinear wave-EP interactions and related transports are predominantly associated with dŴ NL k . Summarizing, the simplified notation of Eq. (42) should be intended as the n-th row of Eq. (43). In the linear limit, each individual n is clearly independent and Eq. (42) Dispersion relations in a form similar to the linearized Eq. (42) have been derived in many works on the effect of supra-thermal particles on low frequency MHD modes by precession resonance. 34, [153] [154] [155] [156] [157] [158] [159] Meanwhile, the generality of Eq. (42) and its applicability to low-frequency MHD modes, 34, 160 as well as to KBM 72, 132 and higher frequency Alfv enic fluctuations, 110, 112, 161 was formulated in Refs. 4 and 8 and formalized later on in Refs. 5, 7, 10, 36, and 37.
Together with Eq. (35), the GFLDR generally demonstrates the existence of two types of modes: 5 a discrete gap mode, or AE, for ReK 2 n < 0; and an EPM 4 for ReK 2 n > 0. While AEs in the frequency gaps are nearly undamped plasma eigenmodes, EPMs are born at marginal stability as non-normal modes of the SAW continuum, excited at the EP characteristic frequencies when mode drive overcomes continuum damping 4 (cf. Ref. 50 ). Meanwhile, the combined effect of dŴ nf and dŴ nk determines the existence conditions of AEs, and various effects in dŴ nf and dŴ nk can lead to AE localization in various gaps; i.e., to different species of AEs (the AE Zoology 33 ), as described in Ref. 7 . Clearly, the transition between AE and EPM is generally continuous with varying plasma parameters and a net distinction of one type of mode from the other is possible only when the distance of the mode frequency from the SAW accumulation point (K n ¼ 0) is larger than the mode linear growth rate, c L , or the characteristic inverse nonlinear time, s À1 (cf. Sec. II).
In the low-frequency limit (jK 2 n j ( 1), when the AE frequency is above the SAW continuum accumulation point x ' , it is possible to write
Therefore, the GFLDR gives
as causality constraint for AE existence inside the SAW frequency gap. Similarly, when the AE frequency is below the SAW continuum accumulation point
the AE existence condition becomes
For EPM, meanwhile, the iK n term in Eq. (42) represents continuum damping and the threshold in EP drive for effective mode excitation. In fact, near marginal stability 4,34
Equations (48) show the importance of resonant and nonresonant EP responses in EPM excitations (cf. Ref. 50 for more details). Equation (42) explicitly shows the important role played by magnetic shear, defined in Eq. (41), as discussed in Appendix B. When magnetic shear vanishes at one isolated singular layer (r ¼ r 0 ), it is possible to construct the (local) extension of the representation given in Eq. (20) . In the low-frequency limit, with the mode structure made by one dominant poloidal harmonic, this extension is given by 101 dw n ðxÞ ¼ ð e Àizx dw n ðzÞdz;
where x jk # jðr À r 0 Þ. In this case, the jump in the radial displacement for tearing parity modes across the singular layer is expressed as
with dW n ðzÞ ¼ jzjdw n ðzÞ and dW n0 þ ¼ lim z!0 þ dW n ðzÞ. Then, maintaining the normalization of Eq. (39) yields
Meanwhile, it is also possible to show
where a 1 , a 2 are solutions of
satisfying outgoing wave boundary conditions for solutions dW n ðzÞ $ expðia 1;2 jzjÞ; k kn0 indicates the value of k kn at at r 0 and
generalizes the notion of magnetic shear for s ¼ 0, having assumed a minimum-q surface at r 0 . The extension of Eq.
In the ideal MHD limit, this dispersion relation was derived first by Hastie et al. 162 for stability analyses of ideal and resistive internal kink modes in toroidal geometry.
VI. THE RADIAL ENVELOPE EVOLUTION EQUATION
The GFLDR, Eqs. (42) and (55), derived in Sec. V for the description of SAWs excited by EPs in toroidal magnetized plasmas, depends on distinctive features of the plasma equilibrium geometry and nonuniformities. This is apparent from the properties of the generalized inertia term K n , which is discussed case by case in the companion paper, Ref. 50 , as well as from the mode structures that enter in the definition of dŴ n and determine wave-particle resonant interactions.
Due to their general validity (cf. Sec. III), Eqs. (42) and (55) can be adopted for analyses of low mode number MHD modes as well as shorter wavelength SAWs with radially localized mode structures. 50 In this latter case, the GFLDR can be cast into the form of a local dispersion relation and of an evolution equation for the spatiotemporal structures of SAW wave packets, 48 which can be extended to handle nonlinear dynamics. 2, 6 In fact, the mode structure decomposition of Eq. (20) 
Here, P Bn ðr; #Þ : f ðr; h; fÞ 7 !f n ðr; #Þ ¼ A n ðrÞf 0n ðr; #Þ are the projection operators P Bn ðr; #Þ defined in Eq. (B10). Furthermore, the functions f 0n (r; nq -m) are nearly invariant under radial translations by multiples of ðnq 0 Þ À1 , while the radial envelope functions A n (r) have characteristic spatial dependences on meso-scales, intermediate between the perpendicular wavelength and the equilibrium scale-length (see Sec. III and Appendix B). Because of the spatial scale separation between f 0n (r; nq -m), A n (r) and equilibrium nonuniformities, it is possible to use the eikonal Ansatz 163, 164 A n ðrÞ $ exp i
introduced originally by Dewar et al. 99, 100 in theoretical analyses of short wavelength ballooning modes. In this way, Eq. (21) becomes
and Eq. (16) can be rewritten as
where we have omitted the kink drive, for it scales as n À1 , and left the nonlinear terms implicit, since they are analyzed specifically in Ref. 2 . Equations (33) and (39), meanwhile, become
with the "ballooning" d W n expressed as, 4, 72 recalling that
Here, K n , d W n , and other physical quantities are dependent on r, due to the global equilibrium profile variations.
For very localized modes, whose radial envelope variation A n (r) on meso-scales can be ignored, a direct comparison of Eqs. (39) and (60) yields dŴ n ¼ jsjd W n and the GFLDR becomes a local dispersion relation. In the more general case, where global plasma nonuniformities play important roles, the GFLDR, Eq. (42), can be cast as
A n ðrÞ ¼ D n ðr; h k ; xÞA n ðrÞ ¼ 0; (63) with D n (r, h k , x) playing the role of a local dispersion function. This equation can be generally solved as initial value problem, using the fact that 
The S n (r, t) on the right hand side can represent either a source term (cf., e.g., Ref. 48) or nonlinear interactions; 2, 6, 165, 166 i.e., consistent with Eq. (43),
Equation (64) . 103 As anticipated in Secs. II, III, and V, these are wave-wave interactions and spectral transfers, described by K NL n ; and collisional and fluctuation induced resonant EP scatterings, associated to d W NL kn . The former processes, which also take place in the regular region where they contribute to d W NL f n , predominantly occur in the kinetic/singular layer since the wave-wave scattering cross section favors short perpendicular wavelengths, resulting into a larger "emission rate" with jd W NL f n =K NL n j of the order of the ratio of the layer width to the equilibrium nonuniformity scale length. Meanwhile, wave-EP nonlinear interactions are generally small in the kinetic/singular layer, due to finite orbit size averaging, and their contribution to d W NL kn is dominated by resonant particles. 2, 36, 47, 58 The strength of nonlinear effects on the mode evolution can be measured by the relative ordering of c À1 L , s L and s. 2, 103 Note that Eq. (65) has the general form of a Schr€ odinger equation with integro-differential nonlinear terms. 2, 6, 7 It is not only valid for the spatial-temporal evolution of A n0 (r, t), but can be also readily extended to macroscopic fluctuations, for which A n0 ðr; tÞ ! A n0 ðtÞ; @D (63) is replaced by the corresponding expression from Eq. (43) . In cases of practical interest, Eq. (65) may also reduce to a nonlinear Schr€ odinger equation in k-space (n-space, here), due to the peculiar structure of nonlinear toroidal mode coupling terms of Eq. (66). 167 In the linear limit, when a mode is bounded between an isolated pair of turning points and responds to a monochromatic point-like source, the solution of Eq. (65) yields 48, 103 
where r 0 sits between the turning points; and t N corresponds to N bounces of the wave packets between the turning points. The phase factor U 0 is given by 
VII. CONCLUSIONS AND DISCUSSIONS
The GFLDR in the form of Eqs. (42) and (55) is global by construction and can be used for computing the (generally nonlinear) mode dispersion relation. The fact that Eqs. (42) and (55) follow from a variational principle, at least in the linear limit, thus, allows evaluating dŴ nf and dŴ nk by trial function method; even with realistic mode structures obtained numerically. Meanwhile, K n can generally be computed by solving an ordinary (nonlinear) differential equation with given boundary conditions, Eq. (32), which can be done analytically in many cases of practical interest (cf. Ref. 50) , or numerically, with the support of a local 1D gyrokinetic equation solver. In particular, the generalized inertia in Eqs. (42) and (55) can be constructed by its definition, given in Eq. (34), solving numerically the 1D vorticity equation that can be readily obtained from Eq. (11) in the j#j ) 1 limit, accounting for effects of full finite Larmor radius, 90 finite magnetic drift orbit widths, as well as thermal plasma plus supra-thermal particle kinetic compression. 16, 62, 131, 132, [168] [169] [170] [171] The same considerations can be repeated for the GFLDR applied to radially localized mode structures; i.e., to Eq. (63) yielding Eq. (65) .
In general, 1D linear gyrokinetic solvers, applied to the calculation of K n given by Eq. (34), can help assessing the relevance of the various kinetic physics on short radial scales affecting macroscopic modes, thereby helping and supporting the more comprehensive but more demanding global gyrokinetic or equivalent numerical simulations. 2 Similarly, the GFLDR framework may be formally used for analytical calculations of dŴ , with various level of approximations, or to deliver evaluations of the same quantities based on numerical codes, which may range from kinetic/extended MHD to global gyrokinetic codes (cf. Ref. 50 4 In the same work, a general overview of experimental verification of linear AEs and stability predictions in burning plasmas is also presented; showing how the GFLDR has been used to understand experimental results and numerical simulations and/or how it could be adopted to better understand these evidences. This demonstrates that the GFLDR is, indeed, general and provides a theoretical framework, which can help extracting the underlying dynamics and nature of the mode, separating their spatiotemporal scales, as well as guiding interpretations of numerical simulation results and experimental observations. This work also briefly discusses nonlinear physics processes that may affect DAW dynamics excited by EPs in fusion plasmas and analyzes their characteristic space and time scales. In particular, wave-wave nonlinear couplings are shown to preferentially occur on short scales, typical of the kinetic/singular layer, and are accounted for by K NL n . Meanwhile, wave-EP nonlinear interactions are typically accounted for by dŴ NL nk and are dominated by resonant EP responses in the regular regions. In depth analyses adopting the GFLDR framework for investigating these "two routes" 1 In this Appendix, we briefly summarize the derivation of the nonlinear gyrokinetic form of equations describing drift Alfv en wave dynamics, discussed in Sec. II. Using Eq. (4) for the decomposition of the fluctuating particle distribution function, 17, 172, 173 the quasineutrality condition is readily written as Eq. (10); i.e.,
where we have assumed that most of the equilibrium current is carried by electrons and that relevant wavelengths are much longer than the electron Larmor radius, he ÀqÁ$ i ¼ J 0 ðkÞ; J 0 ðkÞ is the Bessel function and
Note that, here, we have followed Refs. 67 and 68 to properly account for the correct recovery of the long wavelength limit k 2 ¼ 2 ? ! 0. For the finite k case, spatial scale separation between fluctuations and equilibrium profiles applies and, therefore, J 0 (k) can be made commute with equilibrium quantities at the leading order. This greatly simplifies formal analyses, although, in general, equilibrium nonuniformities can be rigorously accounted for at all orders. 64 The same argument applies to nonlinear terms in the following schematic derivation of the nonlinear gyrokinetic vorticity equation; as the nonlinear E Â B convection and nonlinear line bending are small at k 2 ¼
2
? < x , as noted in Sec. II. As usual, 17, 172, 173 the gyrophase average involves the introduction of Bessel functions as integral operators; e.g.,
Here and in Eq. (A1), the definition of J 0 (k) acting on a generic function gðrÞ ¼ Ðĝ ðkÞexpðik Á rÞdk is
From this definition and from the presence of velocity space integrals involving dg, one notes that governing equations, given here and in Sec. II, are of integro-differential nature, reflecting the nonlocal plasma response due to finite orbit excursions on scale lengths that may be of the same order of the mode wavelength and, in some cases, of the characteristic equilibrium scales, especially when supra-thermal particles are involved. 62, 132 The nonlinear gyrokinetic vorticity equation 69 is derived from a velocity space integral of Eq. (6), acted upon by e ÀqÁ$ and P e. Looking at various contributions separately, for the inertia term one finds
where we have omitted the k dependence of J 0 for brevity of notation and noted Eq. (A1). Meanwhile, for the gyrokinetic diamagnetic response, we have
Considering now the gyrokinetic kink term, we have
so that the gyrokinetic kink term reduces to the ideal MHD expression. Here, again, the total parallel current is assumed to be carried by electrons. This means that Eq. (A6) must be modified when, e.g., a significant fraction of the equilibrium current is carried by energetic ions. Correspondingly, the gyrokinetic line bending term can be written as
where the gyrokinetic firehose stability term 
for low-b plasmas and we have consistently dropped terms / b Á $J 0 in Eq. (A7). Of the remaining terms, the ballooning-interchange contribution
with v d given by Eq. (7), is the natural gyrokinetic extension of the corresponding ideal MHD response obtained from the Chew-Goldberger-Low pressure tensor. 174 The formally nonlinear response, meanwhile, is given by 69 X e J 0 c B 0
where we have used Eqs. (A1) and (A7) to isolate the perpendicular Maxwell stress. Without the anisotropy term / @ F 0 =@l, which is typically negligible, Eq. (A10) is exactly in the form reported in Ref. 69 . Meanwhile, the second line of Eq. (A10) can be further simplified, noting that the parallel current is predominantly carried by electrons by letting dL ! d/ in this term. Equation (A10) then becomes X e J 0 c B 0
Noting that Eq. (4) allows us to formally write
Eq. (A11), in order to elucidate the underlying physics, can also be rewritten as
Thus, the second line gives rise to the nonlinear diamagnetic response, and the third line corresponds to the gyrokinetic generalization of the Reynolds stress; while the fourth line vanishes in the long wavelength limit. Equations (A11) and (A12) are completely equivalent. The latter allows deeper insights and draws analogies with ideal MHD and fluid plasma theoretical descriptions. The former is more compact and suggests that gyrokinetic plasma descriptions do not yield a natural separation of nonlinear diamagnetic response from that due to Reynolds stress. Thus, we will adopt Eq. (A11) for simplicity of notation.
Collecting terms from Eqs. (A4) to (A11), the nonlinear gyrokinetic vorticity equation 69 can be cast as Eq. (11), where the nonlinear polarization response (cf. Sec. II) is accounted for by simply adding
on the left hand side of Eq. (11) . This follows from the assumption that mass density is dominated by a Maxwellian thermal plasma and consistently describes the increasingly important role of the polarization nonlinearity at long wavelengths ( 
The validity of Eqs. (B5) and (B12) is very general, since it is based on the properties of Eq. (B4) only. Furthermore, Eq. (B7) is readily reduced to the well-known "ballooning representation" [92] [93] [94] [95] [96] [97] [98] [99] [100] if spatial scale separation applies between the (longer scale) radial dependence off n ðr; #Þ and that (shorter scale) connected with the # integration, weighted by the phase factor exp iðm À nqÞ#. The spatial scale separation is straightforward for high toroidal mode number modes, for which r ) jnq 0 ðrÞj À1 , as usual for short wavelength modes, but also applies at spatial locations where sharply varying "singular" mode structures are expected; i.e., near resonant layers of the SAW continuous spectrum or in the inertial layer for MHD modes. In fact, sharply varying "singular" mode structures in the radial direction correspond to extended mode structures in #-space, as readily deduced from Eqs. (B7) and (B9), since the short radial scale of f n (r, h) can be estimated as jnq 0 ðrÞ# 1 j À1 , with j# 1 j ) 1 being the characteristic long scale off n ðr; #Þ in #-space. Conversely,f n ðr; #Þ structures on a scale # 0 $ 1, reflecting poloidal equilibrium variation of the 2D nonuniform system, correspond to radial scales $jk h j À1 .
This demonstrates the two radial scale nature of SAWs, the shorter of which, as noted above, reflects the radial "singular" structures near the resonances with the SAW continuous spectrum (j#j ) 1), while the longer radial scale (# $ 1) is connected with the equilibrium nonuniformity and geometry. In particular, a special role is played by magnetic shear, defined in Eq. (41) 
